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In [6] Procesi proved that every PI algebra [S, Definition, p. 1531 which 
has a basis of algebraic elements is an algebraic algebra. In this paper we 
prove the analog of Procesi’s result for rings satisfying a polynomial identity 
[6, Introduction]. We derive some results similar in spirit to [6, Theorem 2 
and Corollary]. 
CONVENTIOA-S. Throughout this paper, Z is the ring of rational integers, 
f(t) is an integer co-manic polynomial in the indeterminate t (i.e., every 
coefficient off(t) is in 2 and its lowest coefficient is -&l [3, Introduction]), 
and M is the semigroup of all integer co-manic polynomials f(t) having no 
constant term. For a E R, where R is a ring, M(a) denotes the set of allf(u) 
when f ranges over M. For al ,..., n, E R, (n,); denotes the subring of R 
generated by the a’s 
I. Since we are seeking a generalization of Procesi’s result, we note 
that the analog of an algebraic element for rings is an element generating a 
finite subring (since algebraic elements a of an algebra A over a field F are 
those elements a generating a finite-dimensional cyclic subalgebra F[a], and 
since “finite-dimensional” is replaced by “finite” in the absence of a field F). 
If a is an element generating a finite subring, we term a an element of a finite 
ring order, in abbreviate,..., a is of a finite order. Under this, the analog of 
Procesi’s result for rings is the following: Let R be a ring satisfying a poly- 
nomial identity. If every element of R is a Z combination (i.e., a linear 
combination over Z) of elements of R of a finite order, is an element of R 
always of a finite order ? 
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P~0~09T10s 1. Let R be a prime riq satisfying a polynomial identit>t 
over ifs centvoid. If every element of R is a Z combination of elements of (I 
j&e order, then every element of R is of a Jinite order. 
Proof. Since R is prime, either K is torsion-fret or K has a prime 
characteristic p (Johnson). In the first case ever\- element of R of a finite order 
is 0 and R :: (0), which is not possible. In the second case R is an algebra over 
the Galois field GF(p). Therefore, to say that every element of R is of a finite 
order is equivalent to saying that R is algebraic over GF(p) [8, p. 485 or 3, 
Proposition I ; I, P6]. It remains to prove that R is algebraic over GF( p). B! 
a theorem of Posner [5, Lemma 7.3.2, p. 1811 R has a ring of quotients Q 
which is simple and finite-dimensional over its centre C. Since Q has the same 
characteristic as R, C’ 2 GF(p). Let .Y E 0. Repeating the arguments in the 
second part of the proof of [6, Theorem I], we see that tr(.r) is a % combination 
of elements in C which are algebraic over GF( p). If follows that .X is algebraic 
over GF( p). This proves the proposition. 
From Proposition I, we derive 
THEOREM 1. Let R be a ring satisf$irlC, u a polynomial identity. If each 
element of R is a % combinatiou qf elements of (z$xite order, then each element of 
R is of a finite order. 
Proof. Let ,V be the nil radical of IZ. TI le ring R/l\; satisfies a polynomial 
identity of coefficients +I, inherits the property of R and satisfies the 
conclusion in Theorem 1 at the same time as R. Hence, we may assume that R 
satisfies a polynomial identity of coefficients 5 I. Suppose by contradiction 
that some a E R is of a nonfinite order. Since a is a % combination of elements 
of an additive order, a has an additive order. Therefore, M(u) excludes the 
zero of R [3, Proposition 21. Since TV(a) is multiplicatively stable, there exists 
a prime ideal P of R excluding all elements of M(a). sow, the quotient ring 
RIP is a prime ring satisfying a polynomial identity of coefficients 51 and 
hence satisfies a polynomial identity over its centroid, in which every element 
is a Z combination of elements of a finite order. By Proposition 1, R/P is a 
periodic ring (i.e., for every s in R/P? s”’ for some II :‘- m > 1). ‘l’here- 
fore, for some IZ > m 2 I we have that u” ~- an, t P n X’(a). This is nonsense. 
We note that Procesi’s result remains true (verbatim) if we replace the 
hypothesis that every element a of the algebra is a sum of algebraic elements 
by the hypothesis that at least one power of a satisfies the property of a. Since 
a periodic ring can be characterized as a ring in which at least one power of 
every element of the ring is of a finite order [I, P, and 71, we derive from 
Theorem 1 the following corollar>-, which extends [2, Theorem 41. 
COROLLARY I. Let R be a rirq satisfviq a polynomial identity. In order for 
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R to be a periodic ying it is necessary and sujicient that every element x of R has 
at least one power ,+) which is a Z combination of elements of a jnite order. 
II. The analog of the Kuroch Problem for PI rings asks: Let R be 
a ring satisfying a polynomial identity. If every element of R is of a finite order, 
does a finite subset of R always generate a finite subring? ils in [6], the 
hypothesis that R is a PI ring can be generalized by the hypothesis that R 
satisfies identities locally [6, Introduction]. In order to settle the Problem 
for PIL rings WC‘ define the following property: A ring R satisfies I, if e.rery 
finitely generated subring of R is finite. As for PI algebras one can prove 
LEMMA I. Let R be a ring and let A be a two-sided ideal of R. In orderfor 
R to sati.sfi L it is neressary and sl@cient that A and RI-4 satisfy L. 
LEMMA 2. The sum of all left ideals of a rirlg R satisfyirtg, in theiT ozcn right, 
L is a teco-sided ideal of Ii satisfving, in its own Tight, L. 
Since the proofs of Lemma 1 and 2 are essentiallv the same as the proof of 
[S, Lemmas 6.4. I-6.4.4, Theorem 6.4. I , pp. 162-I 641 they are omitted. As in 
[5, Theorem 6.4.2, p. 1651, we prove non 
LEMMA 3. If R is a ring having all its nilpotent elements central nilpotents 
am1 if erery element of R is of a finite order, then R satis$es L. 
Proof. By [4, Corollary], R is a commutative ring. 
I,EMM:Y 4. [f R is a ring satisfying a polynomial identity in which e~ry 
element is of a finite order, then R and R/Rad(R) simultaneously satisfy L. 
Proof. Rad(R) is obviously the nil radical of R and Rad R coincides with 
the Levitski radical. Hence Rad R satisfies 1,. 
This Lemma allows us to assume that the polynomial identity satisfied by R 
is a polynomial identity of coefficients + 1. hs in [5, Theorem 6.4.3, p. 1671 we 
conclude b! 
v~HEORERI 2. Let R be a ring. The following conditions are equivalent. 
(i) Ez>evy finitely generated subring of R is jkite. 
(ii) R satisfies identities local/) and every element of R is a sum of elements 
of a finite order. 
Proof. ((i) =- (ii) A- (i)). Let A b e a finite subring of R. For some M 2~ 1) 
(-V C’ (#d)!), we have that a N := azN for all a E -4 [7]. Therefore, A satisfies 
the identity aav ~ azN = 0. Conversely, if R satisfies (ii), then by Theorem 1 
ewry element of R is of a finite order. By the foregoing, R satisfies (i). 
From Theorem 2, we derive 
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C~ROI.LARY I. Let R be a torsion ring satisfying a polynomial identity. Let 
D be a multiplicative semigroup embedded in the multiplicative semigroup of R. 
Then D is locally finite (i.e., every $nitely generated subsemigroup of D is jkite) 
$f D is periodic (i.e., every cyclic subsemigroup qf D is$nite). 
This corollary is a generalization, to a certain extent, of [6, Theorem 21, 
since we take R to be a torsion-ring and D to be a semigroup, while in [6] R is 
not necessarily a torsion-ring but D is a group. 
\\lth respect to the Bounded Burnside Problem, we have 
COROLI.ARY 2. Let R be a ring with 1 such that each element a of R is a root 
of some f (t) t M. If d”f is bounded iz every finitely generated subring of R, then 
every finitely generated subring qf R is finite. 
This corollary has an interest in itself [4, Theorem]. It is an immediate 
consequence of [3, Proposition 21 and Theorem 2. 
Finally, as in [6, Corollary] we derive 
C’OROLLARY 3. Let D be a periodic semigroup and let (IV,), be a family of 
n1atvi.x representations of D over fields F, having a nonzero characteristic p, . [f 
the congruences of the W’s have as intersection the unit congruence, if th 
dimensions of the representations are bounded, and if the characteristics p, are 
bounded. then D is locally .finite. 
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